5.3- Trigonometric Graphs (Sine and Cosine)

This section focuses on graphs of sine and cosine functions. Others are in the next section

PERIODIC PROPERTIES OF SINE AND COSINE
The functions sine and cosine have Eﬁ@i‘iﬂ{l 2ar:
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Graphs of Transformations of Sine and Cosine

We can use the techniques found in section 2.5 paired with the general forms of Sine and Cosine seen above(/)ﬁ / )
to draw transformations of the graphs sin t and cos t. ”
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Form2: y=c+asinky or y=c+acoskx

Amplitude- the height of

SINE AND COSINE CURVES the graph....—

The sine and cosine curves Period- How long it takes™

for the function to cycle

through its y-values. That

is, how long until the

function starts to repeat its
-values
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Form3: v=c+asink(x—b) or yv=c+acosk(x—hb)

SHIFTED SINE #Hi) COSINE CURVES

The sine and cosine curves LEIID.

Amplitude- largest value _
that the function obtains

Period- How long it takes
for the function to cycle
through its y-values. That
is, how long until the
function starts to repeat its
y-values

y = asink(x — b) and vy = acosklx — b) (k= 0)
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5.4- More Trigonometric Graphs
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Transformatio_ns of Tangent and Cotangent
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TANGENT AND COTANGENT CURVES
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Using information from section 2.5 paired with the general forms seen above we can graph these functions

y=—4tanx
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Transformations of Cosecant and Secant

COSECANT AND SECANT CURVES
The functions
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Using information from section 2.5 paired with the general forms seen on the first page we can graph these
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5.5- Inverse Trig Functions and Their Graphs

Recall, an inverse function of a graph sends all of its y-values back to the x-values from which they came.

ey

That is, if f(x) = y, then f~1(y) = x.

—— T ——
However, in order for this to work the function needs to be one-to-one.

Although Trig functions are not one-to-one, if we l;estrict their domain we can make them one-to-one on
certain intervals, which will résult in each having an inverse on a given interval.
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Arcsine: The Inverse Sine Function
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EFINITION OF THE INVERSE SINE FUNCTION
The inverse sine function is the function sin_ ' with WMMd range

sinfsin 'x) = x for

sin"!(sinx) = x for

[ —7/2, 7/2] defined by

sin"lx=y < siny=ux

The inverse sine function is also called arcsine, denoted by aresin,
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Arccosine: The Inverse Cosine Function

y=cosx, 0sxy=7w
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DEFINITION OF THE INVERSE COSINE FUNCTION

\| The inverse cosine function is the function cos ™' with domain |

\[0, 7] defined by i
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The inverse cosine function is also called arceosine, denoted by arccos.
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Arctangent: The Inverse Tangent Function

. DEFINITION OF THE INVERSE TANGENT FUNCTION

ent function 13 the function tan™
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tan !
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x=y < fany=zx

The inverse tangent function is also called arctangent, denoted by arctan,
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6.1- Angle Measure
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DEFINITION OF RADIAN MEASURE i
If a circle of radius 1 is drawn with the vertex of an angle at its center, then the
measure of this angle in radians (abbreviated rad) is the length of the arc that
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RELATIONSHIP BETWEEN DEGREES AND RADIANS Convert the angles given in degrees to angles in
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Angles in Standard Position

An angle is in standard position if it is drawn in the xy-plane with its vertex at the origin and its initial side
on the positive x-axis

—> Two angles in standard position are coterminal if their sides coincide

» Given an angle in radians one can determine other positive/negative angles that are coterminal by

adding/subtracting multiples of 27 from the given angle
» Given an angle in degrees one can determine other positive/negative angles that are coterminal by

adding/subtracting multiples of 360° from the given angle

Let 8 = —45°, find some positive and negative
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Length of a Circular Arc

P fomeas<d (n

LENGTH OF A CIRCULAR ARC

In a circle of radius r, the length s of an arc that subtends a central Egglc_of é ra-

dians is

s =rf

ncdiond

Find the angle 8 in the figure, 10 | Find the length of an arc that | A central angle 6 in a circle
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q; !’?@6’5 e=4S*® ;ind the mzasuc;f_- of 8 in
(O =SSO & iatp [0idaS egrees and radians
ey, (s I _ (T S=re- |
@"ﬁi@f* Bo ™ 4 6= SO = |OmFmd
i 1w s W
( degees, 7150 _ 360 S=or- q-1° o, [76°
T T | o ST S A — ol
/52 > pab A

Area of a Circular Sector

A AREA OF A CIRCULAR SECTOR

In a citcle of radius 7, the arca A of a sector with a central angle 0 is

1
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6.2- Trigonometry of Right Triangles

Trigonometric Ratios :
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Find the exact values of the six trigonometric ratios of the angle 8 in the triangle
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Special Triangles

You should remember these special angle ratios because they are the ones that we will use:

0in degrees | 6 in radi sinf | cosf | tan6 | cse® | secd | cot6 L lecave) Qmemhb'fij
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Application of Trigonometry of Right Triangles @ T fl( 60° )* 51'A ( ﬁ:)

Given a trigonometric ratio we can construct the triangle

Ex: Ifcos@ = ZQE’ sketch a triangle that has acute angle 6 g
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If a question asks you to “solve the right triangle” it means find all side lengths and all angles.

We can do this using all of the above properties paired with the Pythagorean Theorem
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6.3- Trigonometric Functions of Angles

it

”‘r l SIGNS OF THE TRIGONOMETRIC FUNCTIONS
C %ﬂe An Quadrant  Positive Functions  Negative Functions
£
- I all none
T Coni I sin, csc cos, sec, tan, cot
¢ c:»'ft S(l:: o tan, cot si:tu. CsC, COS, SeC
v COs, S¢C sin, csc, tan, cot
You can remember this as “All
Students Take Calculus.” _ ( ) : F e J /T/ ¢ F10~ [
Jse " Jﬂ‘{"@fjﬁ’\l‘:ﬂe T ' A -+ o/ — @‘ 'Ck\' t g | rg L
14 s ({—D 3 ) 2 gvtn Qua,;)%uf"
.] -
> 'dEa dS e
REFERENCE ANGLE i g
; o = ; ; : r&’ fFrewe  axnn bel
Let @ be an angle in standard position. The reference angle # associated with @ is , A T
the acute angle formed by the terminal side of @ and the x-axis. LA & b - Gl -

Ule il o ecaleade
To convert degrees to radians, multiply hyi . 7o Eomlette

W toq Prachors o dygre  a@lbes

We can use the above techniques to determine the value of any trig function given an angle @

EVALUATING TRIGONOMETRIC FUNCTIONS FOR ANY ANGLE

To find the values of the trigonometric functions for any angle 8, we carry out the
following steps.

1. Find the reference angle @ associated with the angle 8.

2. Determine the sign of the trigonometric function of by noting the quadrant in
which @ lies.

3. The value of the trigonometric function of @ is the same, except possibly for
sign, as the value of the trigonometric function of @.

Ex-Find the exact values of the following functions:

wfl, TR e ) a e C
sin225° Coﬁw% & ‘1@ rad CMS | tan%-n
7 oo ;r s “_ij— = il’f’
[Fo© 3 (‘[
‘ Cont = i =
5in(22€°) _ S (ST X
=1 o
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FUNDAMENTAL IDENTITIES Ahets & L d J
2 A e Oercve

Reciprocal Identities ’ /)

% cscﬂ=m Bacﬂ--cnsﬂ Cﬂta=m . Pj ( OF 5 Z/
in @ cos 6

cos @

—

L Poras of K3y

Pythagurean Identmes
sin’d + cof’§ =1 | tan?0 + 1 = sec?0 1 + cot®8 = csc? M S

' | Scab=t Jleie’ | tae Hsccio-| Coté= tJgscot’  hran ot (dahhesd
‘LCC‘W = Jlginie | Seco =+ JtaoH (Sco=t]iteits

Using these fqndamental identities, we can make substitutions to write one trig function in terms of another.
S——————

Sove Lactien o £

wWart Cot-&= Cillj(«' Sih &
Write cotB |n terms of sin @ given that 6 is in Quadrant Il —
p 3 'F Y e ——
- (% : & —= ANeed H:frur rid of s 4 Hermoada ve g ol
(O T—& *"""'é; oA Ckcfnje it @ Se v-eJﬁuj ; > . __. S;-'*’L(r
3/a ( P “ﬁq&""c’;&

terl s G5l FT Cot&= fme—,
jE‘wM,MsWe/ CoS@ = 'ﬁf(lfs?g»

L A C?uéL(! A ces<o CotE = SiAl e e i

Cosé- '
e w/

~— " Gwrle

So CoSe = = JI~SAE& i Quad (=

Write sec 8 in terms of sin 8 given that 8 is in Quadrant I
o 1
Sec @ T fxe WA keow Cole™ — ~5¢ 200
CoS & Ty Qu&d i’ i Seese. +\ J (=SS

R (\ @uc(ﬁ

| ~Se'a o F

Sn‘«zf‘)‘(‘-ﬁc.‘ﬁivz@-’ [

Soei = o Vs — 65&9— U cato- B C 0S?E—

Sec& =

+a.%6 :qu@) §€C s, J ) ,\ _i_ _ bhat el
Cos (9— JCose— = CoSE T Sranted o/

ofero
e = e




o

(] ¢ = Wc/@*' n tems  of See &
r’?r\ apC‘LC} H.

A

Bl= [ o

v Ton& (e 4186 = 2 Sece!
‘o Qead JI— coto fmb 2O

- A
EaTRe F n Qoad T

Lj‘ ;ec 29—\



7.1- Trigonometric ldentities

Many of the following identities we studied in previous sections:

FUNDAMENTAL TRIGONOMETRIC IDENTITIES

Reciprocal Identities

L sec : col x :
G o —— b e
ek sin x COS X tan x Fm« 52
sin x COS X
lan x = -—— coty =——
COS X sin x
Pythagorean ldentities
sin’x + cos’x = 1 tan’x + 1 = sec?x 1 + cot?x = csc’x
’ . - - x, v
: - . S 2 (-
Even-0dd Identities //_HJ—» "X oales Gombes
sin(—x) = —sinx cos(—x) ="cos x tan(—x) = —tanx

Cofunction Identities

sm(ff—\u) =COsSu - /LMGJI = H) = ol ﬂ sec(lzr — u)..,;\wc - @Rmo}tﬁ
- | | g /" ‘ /QM

cos(lr wu) = sin u cm(?—T -__u) = tanu csc(lr - u) = sec u wsed
/'( 2 ‘I‘\ - k%_, - Yo 2 {

/ T

In the following examples, rewrite the expression in terms of sine and cosine and then simplify the expression.
T T ey

Work Substitution

tan(@) csc(8) E Y, Séq 5=
= el

= owe L o
= s = [Sece-

Coso- S = (ose~ C§C§——;§L@“
: ™

Seco-= E\JE»

sec(x) — cos(x)

tan(x) bece H_C‘fﬂLF@“
_ 2
e —CoK o= 52,
— OS5 - 2K G
Cosx- — €02 K cosx . S8 —— e
Bl e i Seax Coss 2 C
ia%; CosX _-—Er;;: Siace St /r+aaj’k‘:( %
C& 7]

=D Sia% = |- ot

— — CosYK S lx _
— _L__,____\ = = = SiaX

f;(‘/\).(‘ ' $f\/‘~)< -



Proving Trigonometric Identities

Many identities arrise from the fundamental identities shown on the first page. The idea behind proving an
identity is that we are given two things that are said to be equal and we want to start with one S|de of the
identity and transform it into the other side of the identity using substltutlons from page 1

T ~

GUIDELINES FOR PROVING TRIGONOMETRIC IDENTITIES

1. Start with one side. Pick one side of the equation and write it down. Your
goal is (o transform it into the other side. It’s usually easier to start with the
more complicated side. e

2. Use known identities. Use algebra and the identities you know (o change
the side you started with. Bring fractional expressions to a common denomi-
nator, factor, and use the fundamental identities to simplify expressions.

3. Convert to sines and cosines. 1II you are stuck, you may find it helpful (o
rewrile all functions in terms. Ul smes a.nd wsmes

3

@ If you get stuck along the way try working backwards. That is, try starting from the less comphcated side and
work back towards the more compllcated side.

Work Reason

Show cos(—x) — sin(—x) = cos(x) + sin(x) o5 O Cos (O

PO e Compligd
Sta(-k)= ~5/alc)
Co5(-€) ~sda(~¥) |

= Celige) =< S‘r'-ft(éd)

= (os&W 5i'al

Work Reason
cos(x) |, sin(x) _ ‘ )
Show et ¥ e — 1 _Cff__.(-& 4 Sia s Secy= L
_ 7 ek Colx
Sec(e) . C5AK)
: b
Cos/ Sin () CPC = Sen x
Go) 5 i)
R coctron fro W:h-j
= (es X-CosSK-. -+ Stak Siax ol - F

7 : s ) & e
= Cosli AsmEx  ——— Siatit costi (

= 4



Work Reason
" 1+tan? x 1
ow e 2 = AP Z 2 ' ,2" 1
1-tan?x  cos?x-sin?x {—aAK:(y'“ ;(> _ Sinlx
|4 € dnix ) $iin b € Costy
— = CTos e Cosx
[—£dn"X - * —_
Si'aly '
( _—
CostK
v 7 &L
Cos Sy 4 5en"x \ StatK 4 Cos ea

-—--""_"-___-F’——_
& o ge%-—vﬂ-ﬁ(‘/\?gn

Tt s ScalKe
/ 'TL+Q‘ZK ) .fCCZX (PCQLSDK\
(—Falx [~y [t+aqCe = Sec e
. SVE’CZ}( éa’l?K: SILLZK
— S E g Cos e
Cod &
? Koo Y
= Sec V% g Cos Ty ¢ K= Cosli
T Sk

Cos Sk g (a Ly

Cot o

-
e

Cosbe ~

L cost

e
< oSCe =S {)(

Cos¥k 5%

[

e B
Cos p=5(~%xc

‘
-



Work Reason
Show (cotx — cscx)(cosx + 1) = —sinx 1
J— st”f‘f‘r e

(ot ¢ —C scik ) ‘CO}:‘Q&(J

&‘iﬂ//j
Cotx Cos x = Cotx C‘%Xcaﬁfg K

Ces x i

s SN Eif,iy’& s “;L
STax sl ‘nx Ny
Sy\x J
— Cos ¢ {
= — i - B
PR s e
- Co SZ}(‘“ ( _ St‘f\(z}(
T siaX
o ok K

cotrx= &osx
SinK

Siax

Coslh~5alx= |

CoB <=




,;MC O\"f‘iox
a._QK

B

Notice the following “hidden identities”:

fg a—tk

g A tbx

= Ifgiven (1 — sin x), notice that (1 — sin{fl}sin x)=1-—sin’x and since sin® x + cos?x = 1,

1—sin?x = C(ﬁx and thusp\—-—sﬁ'f)/(fl + sinx) = 1 — sin?

¥=gostx

= Similarly, if given (1 — cos x) theri‘(l —cosx)(1 + cosx) = 1 — cos? x = sin? @

= Also, if given (secx - 1) theM)(secx +1)=sec?x—1= m (sincetan’x + 1 =

sec? x)

Similarly, if given csc x — 1 then

(escx —1)(cscx + 1) = (csc?x — 1) = cm

Moral: You can re-arrange the identities on the first page to create new identities.

p

forward in proving the identity.

Also: given [1 & (cos x/ sin x/ sec x/ csc x/others)] you may have to multiply by the conjugate to move %7

Work Reason
Shicw l—slinx - 1+sinx = 2secxtanx
| f (/%5(’\)() (!.—SJ.\,. ‘F)rf\(j COMmz;/\ Cl@toﬂq{blc(ﬁ?(\
J—g’ e k = f:?ms( (ﬁﬁmx) (?‘ﬁ\x (f =S4 ]':":?' (/\3{‘/\}(.) (HZC/AK)
[ =i | 5K
<f/§tf\’\() S(/\k) F(—\D‘V\. oLL:omL)‘ |
N Eastx “Tostx Cos x ((+ g,‘f\;c)((ﬁg,v\;c]': Caf§ i
o ] TS(AKF _— (‘f‘%frf’\)( ZS('KL)( d ,)L)(D(J F,S’ZLCT)&()/LB
cos?y = sy
T st o o
(g war‘k:'ﬂj Sinx
La gionds — ‘cosx
: § Siak
_ 2 (Lojx‘ Tohx
SecK= For
e Yoo "(Cd«x': Stk
C SecXto Kk — 3




Work

Reason

5
—sing _ S€cf ttand

.65 &

([ 15in6) (ot @seshe

Since [=Sia& j'a
é]&\éMr";’*t‘{{Uf/ (MC' {hﬂj
Agj 17“5;1/‘-8_61—7[ USQ.__

—_— - U
sl (tsne) T e Praperty Frues pres P
rrf"—& s
= (o Cvee fackon Pmaﬂ"’?’
C@SZQP C“(}S’?&‘
Sec® = (oS-
S L 5 serte | me e
COS'&“T’ o sar= "¢ ose—
: o i
Q_ o —
Secd + tad— e COSE-~
TL‘A’\ - S/a
L ¢ 208 = a3
Cese- Cese- <
; C@S?@—
[+ 5'nl- [~ Sincm 7/}0,« Prec /ﬂj
—--—'—'—'_"—-_-__—‘ _— - i ‘r\_
e il \ popass)  Ceph EERE
Ceo- s
— CoS Cors S Cmceé_j
F —
. Cef
C ose-([=548) { ~ 5w




Make the indicated substitution and simplify.

V1+x?%, x =tan@. Assumethat0 < @ <§

" . - e 2
TL A =tams =>2J 1@ = [ jrpios Gl [H e = See fo

& : MJ@
S e P
@Z{O /x@:/ﬁtclr
= 4 Sec

Lo

agqang all }w»ch&»b /o> Aine ke

xz——ﬁ, X = 2tan 6. Assume tha@ /

/ | T T

Comey ST ey~ (e firinees T 1 i
V ; = M

B(cfo {*
| .
v (—m?g-—m - () 2, 78~ Sec & o = (
) £ d s Cos&

N ) Sl
[0 6= Sec ‘o u St oS S
fance Syae T “
Sé’(.'& = _L

(

o
8 (e

Cos CToste
L .
C onbined faacties




%/ 7.2- Addition and Subtraction Formulas

The following formulas do not need to be memorized as they will be provided on qwzzes/tests/exams
— [ s i
ADDITION AND SUBTRACTION FORMULAS B0 T
6
Formulas for sine: @sin(s + ) =sinscost + cosssint
L Fas f2 evaloate

@sin(s—-_t}=siuscnsr-cosssint
1
A, 5(-4/ oS o fom at

Formulas for cosine: cos(s + £) = cos scos f — sin s sin ¢
cos(s — ) = cos 5 cos £ + sin 5 sin ¢ a 563 o, Alan
tans + tant ga/G;C/’» ¢S Aten O
Formulas for tangent: @mu(s + 1) = =
1 —tanstant Jbssige] § on (P
‘m(aﬂf)_linmn tan ¢ to Frafsfocys hine
5 ! .
Soneth j' b Eo/_g@/ (s
We can use the above identities to evaluate an unknown trig i ity by transforming them to a more familiar
form: ' [TCsc o
Sose

Evaluate cos(105°%)

(BS° = faei5® So coslps)= Co5(GoTYSe)

Use
Cos(los) = Cos(éorq;‘”) = o5 (66D Los(45) — Sin(60)5ca((S )
© zﬁ O o Sfeo )= - @5(35):"2
poenter 60t Trad 5o Ty ornl -k
(24,0 ) L (253,895 ) Seleoy- B gnlt=%
| o) Jé J2-JZ
R R A B B s

Evaluate cos(10°) cos(80°) — sin(10°) sin(80°)

Bj@ ((95(0)&)&(6’0) "‘5(4((0)5f’1(?0)
%E’-: L rad =2 (CB([)

= @5((0*5’0) Cos(90)
[

Sin( 1 §°) - S (60 %)

L8

Cos(90) = O o= Sin((5-20)

6 @ §¢ ( ) Séabo: Cosys

alnal= O it (6o—-YS (nbo:

ey J —~Ces€o S W

Bk Ll _ g &

Z Tz & o T A T{

J&-rz



We can use the addition and subtraction formulas to prove identities. v5 @

i
Prove that cot (E—u) =tanu Cess (% -—u) COS ff—ﬂ‘ o5l '(‘-5\ FTA&,lL{
: Cos x : P 2 i I e — _________,_.__———f———-—*
o = o T — = ' -~ '
Cotx Stak So Cot (% ) in(Tird) Se. T(om wﬁoﬁria%
e & V52© o
7,—;1_?-'7(0(1) —_ O &y ¥ ( g‘""L{

- = 2 _ e

el [« cosq . o©-Slaw Cosy

Prove that cos(x +- y) + cos(x — y) = 2cosxcosy
“))4?—@ U‘;»e@ )
&, @
Lre? Oﬁj) U CQ5(K"‘j) = CCO $(¥) Cc:)@j) e }HAK/?(fmj Z - C CGSK”CG‘FJ 'FSE'«(('/E'-/'IJ]

/. CoSk Co)’j

~.

9]
o = )
T —
sin(x+y)—sin(x—v)

cos(x+y)+cos(x—y) = fany (a@nce [ ‘/ﬂ/\( (‘ﬂ 5
& vl &
P(vﬁ i‘n GZQ@,,@ ‘ . g , ) '
S ("’\(K‘ejj — S (k=) Hromey | ES,‘AK/fa)j +-Cos f“jgn—LSkA}(Cosjr(‘f%ﬂ]
- 7 pE————. = —
Cos(req ) + Cos(h~9) /

[cosx C"%’ S/ ) (4L COfKCoIJf~ S ,% J]
&

Prove that

P

Zcofysia Y i/j

/,2’2 cabx coS‘j CD§



ﬁ 7.3- Double-Angle, Half-Angle and Product-Sum Formulas

You will need to memorize the following formulas as they will not be provided on tests/exams

DOUBLE-ANGLE FORMULAS ¢, (., )= T Sinfining) Scanl o~ o /’ﬁe‘SQ_
Formula for sine: sin2x = 2sinxcosx ° 5(-44« ~5)
- e : (} cs evaloafe

Formulas for cosine: ~ cos2x = cos’x — sin’x %/“Md a5 el |

=1 — 2 sin’x —e.r\(“j E/AL‘(’[ { aft o« et

—r 2 P

2c08°x—~1 Ualmes

Formula for tangent: tan2x = lz_mt:;z o [ (p pov ;deffres

f
We can use the Double-Angle Formulas to solve problems like this: L /DN)L”&'\J oS "ﬂ dalle a;\y/e

rbnmvlaj’ Sty C g h =P [e
Ex: 7D7F5r“ j @y
Find sin(2x), cos(2x), and tan(2x) from the given information:
tan(x):—fandxis in Quadrantl y e Frnd 2rd Code & L/'Z(S?-:.‘Hva
, 5 A
fan = 2 ﬁq@‘ —> H=J&= 5§
a()) 3 i
3 . -
; g
(,OSX = ag, 2 . — e . (]{ Y
— . = N QT =-2 e, wly iy B
HJP» b { a@ - / Srﬂ)(-—S ¢ Quad I

™

\ [ 3 'I*—Z
Gnlzx) = 2 Sinkiedx o (%)(_.g) »:,;’_—i

(/_,_
Cos (26) = (Cos?y - Sealx = (3) (q lc
. 5 zs =
= = n -
(zsfz.K,_ ““2(7_{) L
= CcBSx-| s TFS <
B 2‘( )“( 41
2 =
| fax o - 8
+4n (2%) = iﬁ B <3) S



=

FORMULAS FOR LOWERING POWERS | ﬂﬁf@”’m@ﬁf;

L
.32 1=cos2x o 1+ cos2x
sin’x = ———— cos?y = ———=
2 ..
g = 1 —cos2x
I + cos2x

.\\

We can use the formulas for lowering powers to rewrite expression that involves high powers to thos
involving the first power of cosine.

Ex:

Use the formulas for lowering powers to rewrite the expression in terms of the first power of cosine.

2 X . 2x
cos*x = (Cos (K)J ( + (o5 2k > (/+Caf’2 jc/f- 52)
= ‘(‘/DMQ
- 1+2cojzx'f~(osac_éx) _ lw% £o5 B ic%fz_(zr))
| 1
e, o= 2 2s ey (| t+Cos 9(‘}:-) - 3* NCos2x e (x

4.2 8

N — 1
HALF-ANGLE FORMULAS [Pt 0 tevorize | And Appracch

sin*—;=i fl—;ﬂsu cos—g=i ﬂl +2cosu fo fuq(uff%i\j

Teabinchon s oF

uw_1—cosu  sinu
Eﬂﬂ_
2 sin u l'l"Ll)Su S oy anj
€
The Lh{)lt.e of the + or — sign depends on lhe quadranl in whmh u,fz lies. j
((5-30) ) QoadT o 45

Use anfpproprlate Half-Angle formula to find the exact value of the expressions:

Y ys
tan15° = (30579 Y=38 . sin«22%°: 5”"\(7_)

| 5 & - Iz
= [ gas{zal Sia()y. . =
e Z
= 3(4(30) o s :}:J:ZTE‘
(-3 2 _ 225 Ty =W
— & = /. 2.5 (a QedT, 5., PO
3 e
=[eJ3) So = v JEE

=



e coan “Se FD‘ML(AS Lo, s St

Prove the following Identities:

sin(8x) = 2 sin(4x) cos(4x)

(\(&90(\
v
. _ ' ¢ X
$in(8x) = ‘;n((z <__(f,)) Sia (aey = BN Sia(2g)
P2 B e i
{;ﬁ K= ¥
S 7 S () cos (WY Sin (2R)= 2 5t R Cosh
P{uj dn /2

7 Sia () coslux)

1+ sin(2x 1
-—()- =1+ Esec(x) csc(x)

sin(2x)
E’f/,.?f;‘(’—c— (CoSon
' S N = T Sin Ces
{ {1 5 (e { 4+ 'Zg('{u{ CoSw t ’\CZ\() ] X

—_— =
&AL ic'/ *—E‘i”’—;z_“

2 Sc'nk cosX

B e fractin prapert b

= = | A

2 5inKkeeix 7 S e calx

| L
— :Z Ak C;S)c‘ =
l
. 4. CSex

= ia/ Cscx Secx ¥+ | 54?*

Tosx = €CK

Roz 7. | //wﬁ



7.4 and 7.5- Trigonometric Equations

7.4 and 7.5 can difficult, yet fun sections. They can be difficult because they combine many different trig ideas
that we have studied this semester. They are fun because this is your opportunity to use your brain in creative

! _ o
ways (&— s.l’\ l) (‘rcquj r!""\f'/ﬂj\ 1-0 (AS.S

Think: How could we solve the equation sin@ = 1?

Siace S,ACP-j what & (/'ﬂiv\Q.j)U‘f &

r‘j faleces

e — —

k‘liider for sin@ = x and cos @ = x to have solutions, we need —1 < x < 1, Otherwise, no solution
exists

Infinitely many solutions

It is important to realize that if a trig equation has a single solution, then it hasi flmtely many soltwns Think
about the unit circle and/or the graph of the trig functions. B

([ wr Aeed o=T or 42Tk
bhoe [ = o, '42-
re/ K ez ([5:504('44‘33@:")
L2 pets VS Loca
ot j:( H)F 0.{//(“-‘5‘(_".((( e

So ‘“-F LAne L/J“n-\f g‘./‘& =

In webassign/tests you will be asked for multiple values that are solutions. Keep in mind the unit circle and

T

where appropriate values occur. For example... ]351‘

J‘z/ .

Cose = JZ CoS&=x = "3 y
~ N R

~N

s o= %—i—?’ffk or ?((T:ZW‘K
Lhte K S any (afege—




e e L

N {3 CSC %CZC0+' all el l\ou_7/

O [

I | — -{—’[T'&& (kS-FCeLJ owc G’Z K_WW_F_(_\____

Example L e ———— T o (fr(ﬂ)
4

tanfd =1 => Aeed - x ={ =7 ‘j==)( Sometimes a trig function might be squared.

ST 7, =
\

6- T 4Tk Foriooty.

only need + T Lic Jstace bhween
Fe.  foiatt e W‘(no+ 20

_, Jdelate SaB-
4sin?0 —3=10

Y sinle = S = giale s 2 5=

2
t.(
tAee Jogs S:'u}—_j: &

P

So we need

3

e

T =17~
5=t 7> &= Ty or 5+ K

. J3
R

Sometimes you need to factor the equation

4cos?8—4cosf+1=0
l-r(f )(L —Yx £ i e Kz ces &—

=7 (2B ~) (2cos0- ) =0

= 1
::——‘7 COS:@' 1
£ e Tk
A=) 3
e M
24 20+ 7T

Sometimes you need to factor the equation

sin’@ —sing —-2=10

[
' )

A~ —Kr T2
(S"-’\& —c ) C St ) —

Sind=2 ©®C S = ‘_(\_/?
ot Pos,(:ble

9ie AN &= 2:'* AES
i frarE

Sometimes you need to solve for the & inside the function

Sometimes you need to solve for the @ inside the function

& 2cs2)+1 = O

o
Cos(z6)- ~3 /'ZL\

3
2z
Need & = 'g-f'”rfﬂ
o
2.8 = “—_131(:__2?7—&
‘5.1(0"& BP&_
i
= et~ 0
_ /‘rr’“ 'f, 4




Sometimes you have to use one of the following double angle formulas or identities

DOUBLE-ANGLE FORMULAS

Formula for sine; @ sn2x = 2ainyeas g
Farmulas far cosine: 2ycos 2x = COS Y - o
& = | - 2sin’x
& =2¢oex — |
2ianx

Formula far tangent: @'ﬂr'l 2y = I -
= {an*x

ﬁ1ﬁ26'+cus 6——1 & cosf =+/1—sin28

& sin@ =+/1—cos?8

cos268 +rosf =2
Use @) => Zcosix-[+coso=2

= 2 Cos @ tcose —3=

=7 CZC@S& +3)(C'OS¢9 —i)= 0

2Cosetdze oo C(osoT(Zo
Cos& '

oo -1
fJot Possible

. 2 )
Gin?f =4—2c0s29 - S0P ST Leos

j— Cos %o ({- T Cart S
C"Of?@ "3':- o)

cose= J3 o 1.

L'.j ot pe .STfU'ﬁ Jrace

CeS ¢ [:.I//Z

2sin?0 =2+c0s28 -2 Sk cv/@

25220 = 2+ (1B A")

L] Stn ?&l — S = o

{5

S,',, =1 "3" = f
: - - L.’ -

o
/
I
1




The following material found on this page is assumed knowledge that can be used as a reference and

reminder. For more help reviewing fractions or any of the following properties see the information on pages 3-
9 of the textbook and/or come see me.

ISR
PROPERTIES OF REAL HUMBERS
Property : Example Description
Commutative Properties
atb=b+tg TH+3=3+7 When we add two numbers, order docsa’t matier,
ab = ba A-5=5.3 When wie multiply two numbers, order doesn't
: mafter g
Axsociative Proparties
{a+ By +e=a+b+cl (Q+4y+T=2+@+7T)  Whonwe add three numbers, it doosn't matter which
o wie add first
{ab)e = aibe) {3:7): 5 =3 {‘? 3 When we multiply three numbers, it docsn't
matter which two we multiply first.
Distributive Property
alb+ ¢} =uab + ac 23 A5)=2-3+2:3 When we multiply s number by a sum of two
E=cla=ub+a GFE2=2:3+2:5 nutnbers; we gel the same resolt a8 wo would get if
wi multiply the number by esich of the termns and
then add the results.
F:f%{*?iﬁﬂES OF FRACTIONS ..
Broperty Example Description = =
P jo o A FF 2510 - When multiplying fractions, multiply nomerators V/
y SR Td b 307057 2 and denominators,
_e ¢Q+? an§ 58 LE 8 d : ‘ 2.5, .27 14 When dividing fractions, nvert the divisor snd
é b od e R AR S B 1. mliiply.
o e (2 { g '
a@re M "fQ B a. i - ath :}, ¥ jj o 2;:; 7 = g When adding feactions with the same denomi-
\ 3.0 ¢ gg 5 ntor, add the numerators.
o Llacik bow?
5(? LA a6 ad + be 2 : 3247+ 345 29 When adding fractiong with differént denomina-
) A R bd TG 35 3% tors, find & common denopyinator. Then add the nu-
gec’ ; L MCTHtors.
dfoc e
oe Co : 2:5 .2 Caneyl numbers that are compion factors in numer-
/ﬁ? (,/\*; \ p (f‘/ ST 353 ator and denominator.
Vs E
N 8. Ifg -2 thenad = b § —S 0240 = 34 Cross-multiply.
PROPERTIES OF NEGATIVES PROPERTIES OF ABSOLUTE VALUE
Property ; Example Property Example Description
1o (=D == S ~1)5= % TN , .
(=1)a « =15 ’ y. falb=0 =3i=3=0 The shsolute valug of
2 =l =a : =5y =5 : anumber is always positive
3 (=ap = al=by= =leb) (=8)7 = 8(=7)==(5:7) OF 2810,
4, {(=a}{=h) =qgb ‘ e § s DR . N i
( ‘a}{ ) e ( ;1}‘( ) o i5i=|-5| A number and its negative
5, g+ by="ra=i =@+ 5)= =35 havis the same abiolui
6 o=y =hg =(5-8)=8-3 value,
’ [=2:8]=[-2|]53] Theabsoluic value of 3
BEFINITION OF ARSOLUTE VALUE ' : product is the prodact of
S , ; , . this wbsolute values,
Yaisareal }mmb&m then the absolute value of a s - :
: T a0 121 The absolute value of 5
lﬂ] = { SR ’ —31 31 guotient 1s the quotient of
g gD PR T : the shsolute values,




Types of Numbers | ] /}\/
» Natural Numbers -— Z)f ?/ 3} K{? .. ’g — L,,/{/\Q/@ f/)o S/ hwe v

’ a
»  Integers " ~% =2 o 23 Z . ’0@ S;’?’}W ({ A€ ahwe.
- Z ‘ - A A N R Vee,
' ~ o | ﬂ/W" iw
> BatiovalNumhers - apy wembe” -t Canbe  wirleo  ag ﬁég whet @b f“d‘*fif efg

. N . - 3 . H ; }' V - . )
> Irrational Numbers . Ao T FAAhon al ., have Noaternm ‘ﬁ?"j 2= Aonre peata
%w?:f fx Jmé? e ) ij C o f
. -\ T ( o /
= Jnon of all 1 above - (iC

> Real Numbers

Sets and Intervals

set: & collection of ¢levects

Two ways to represent a set:
y Crst e elevets Letpoeen krace ¢
@ A f1E0Y)

2) S‘e"f - L;u/ /C}CJ\ Aotatr0
[ex] A = ( X ] X 15 an ateqer O oéx"éﬁ\g
B / % ¢ N
“/4?‘ X suddnast s g {4%*63@# betereo © od S

Notation:

ﬁu « ME A NS Union Eg /AV~ S: /1 Z 3, ({ 'g 5:: Z 2, (/’ é/ 6?3

e G A R ECE L
m Means (e Lectyon A UB - g ‘{ ( 3’ &(/ @/ 5 g
intervals — JF Ckélﬁ (ﬂf’ ( cterey ( fﬁf‘@/lg‘/\ A to L, CoaS5t§ B‘C all Wvﬂé(’?/f
Letweer A ad b

: Jo wot iacl de X ey m})
. @ v - e . \) Z(/
) - ofen juteroal- o) poinic - © m Z/ /

—_
Z: 7 e 03()(} (,ﬁgj;yﬂ\ C,so MC(Q()(‘“’ ® éww%f/» {»JMMWM{ =

ofaton s (
potaben:

[,

f’emf( -5 o 7O



1.2- Exponents & Radicals

EXPONENTIAL HOTATION \’?S/ o
If ¢is any real number and » is a positive integer, then the ath power of o Is ( , 2, AN

1607

The number a 15 called the base, and » is called the exponent.

Properties of Exponents

ZERO AND NEGATIVE EXPONENTS

fa#lis any real number and n is a positive infeger, then

; : 5
aﬂ =1 aud e =
i 4]

EXs: U=V gyeye = |
(X'z‘ + €X-+~i;fu‘j’ + WC’B @i”s = jﬁ

LAWS OF EXPONENTS
Law Example Pescription :
ﬁ 1 a’ﬁa**‘ = a’”*;" ‘32 3 =3 =37 To multiply two powers of the same number, add the exponents,
% 20 ] = wei . 5\2 =33 =i - Todivide two powers of the same aumbey, sublract the exponents.
N S |
@) =d™ (3 = 3% =37 To raise a power 1o 9 new power, miltiply the exponents.
Need 22, (ab)" = a"b" (3.4 = 3. 47 To raise a pmduct toa g}mver raise each factor to the power.
o locakt S
PV gt g (‘33 )” _a (3 23 To raise a quntzem 1o a power, raise both numerator and
[ b » 4 42 denominator to the power.

O DA é p Y (u v{) <"( Vo >(u V)
(SQZZ)( A [ __(u%\/‘g)(t{ v ) (uf} V)

u-v

A Y s < e
—{ ,, — T Clel 74 —» =] (-
- a Z = 4az e IR _
/ L’! u V u V = q (/
D e, e L

e
22w ) 3 “(u Ut
v vt u v

o H-LD> v o C@&f
Nygutt T el

SCra’A



Scientific Notation

Some numbers that humans encounter are too large or too small to write out in decimal form,
which is why scientific notation was developed.

SCIEMTIFIC NOTATION

A positive number x is said to be written in scientific notation 3,f it is expressed
as follows: ‘
=d * Efﬂ"’ ~ where | =g = 1{} ;:1;1{1 # i an integer

Examples: To Jo alidiy me-trc
v & ooaes . ¢, (09,000 e
LoD xloy = ¢ fong§ g w/‘ ) gooep Icke ferms
v M 4 ve A () x‘:"((‘m&( é) 6[35516163 ‘7‘7} “fle [ ﬁj‘ﬁ' ) } and v S € \5/) oaeAt P ( C}fg Q’)’xf‘?{’;ﬁ
) :,/ %MJ
L X0 T L0006 =v0003 (><[ (2.9 v B (Z ><1{.¢)
“SO0 Ca et JLe
e ) (4.3 x (o é)
| K ) R i I B e
= Cuyy X 0 /-8 ,/“f{

: ' — T )
Radicals Q/ ) = Y Xlc
Definition of square root:

Va=b meams P'=a md b=0 | TFYz2 MmwnS (= A

DEFINITION OF nth ROOT < f
If n is any positive integer, then the principal nth root of a is defined as follows: /5 =17 mean J 3 = <t

Vo=t weams P=a o Tg =20 pems Tz

If n is even, we must have ¢ = O and b = 0,

PROPERTIES OF nth ROOTS Examples
Properiy
. Vab = VB NEe? =
Jo _ Va 5’12% _
\’ b ni;
B ‘(l
3. YZ; {f {1 = {:\/ fe8
: : 3 “23
w .
a4 Var=a ifnisodd . =
5 Vo' = |a| ifniseven -




Simplifying Radical Expressions- Method #1

One way to simplify a radical expression is to factor out th

largest nth root and combine with like radicals

Exs: weke © (veed iCeep i~ pnd prepefhes Toa preceoss Prge.
D T T - (I - 3
6 Jica + Jso - Jee aJzse = el Ve g leds
_ arrL 5T = Wz
G J5x -3 = YE I ke — D = X I DX
@D Dy

DEFINITION OF RATIONAL EXPONENTS

TERTITTI el
Sowe =

- or equivalently

n =0, we define A
13,*% e {‘s.fﬂ}f_l

If n is even, Ii:tm we r&qane that a = 0,

N R R

* For any rational exponent m;ﬂ n Eﬁ:m rest terms, where m and # are integers and

it A
a = \ysam

L’ Chlen ?ﬂ‘m‘f» ctyon

ExpPenentg v radcals
EXs . s e
o / / a AN = S |G } [ 1o
d) N - - Elog y \j; - / N/ . CZ
N .
37 = 26y =Y %9@«@
R 2/ Y T
O Tz =g e ) L () -
. | —  _ oy = ks osed
e = i = Uk L *
on Mt é)ﬁ ¢
8 .2:,{,.., { «*’g/"lz N ﬂ/\g’\/b\(ﬁ(} ;F{/Z

{

i
i
e i



Simplifying Radical Expressions- Method #2

A second method to simplify a radical expression is to change the radical to an exponent and use the
properties from page 1.

_ e 214 1% l 3‘/,
Exs: /.2) ¢ . 4 q Yoy M ‘(
—
’l/é f/§ 7/3% }/é /3& i /3@ \‘/5@ \ — é, jj
Y —- A — Q < 7 \\\\
SRS 50 Q e
2 qers MM;NM” e —’
N Xf.w N T v A
S

RN f?«
(& ) (e°) 3 ”5/; .
\NMM ,,! . P ‘:; ) '&
. - .V Mwmx%*fl"””“"”“’“‘“"f“mw”»w%m_MW% (9 5 - E{) o =7 x B
Rationalizing the Denominator _ . B

< }ﬁ%@ 00d oF A oot rm denomiade [

If a fraction has a radical in the denominator of the form am we can rationalize it by multiplying both the

numerator and denominator by \/?l:ﬁm % /Uiﬁi we bussiqe (egLloes  Jemoniaato) fo
- be [aeral E{*(J
Exs: hert, 7
; M2 Nl
& iw* ' | of [eot in d enominate Mug‘éﬁ?/j
oo o~ o Jet w9 o
l:) ’VB 8 X B § ><
M SJMMW | é | Xg 5 /e N2
. IS} sls 3¢ <
y OF 4 oy HI
wwfj = 2/5 s - » -
T G T M o
. /3
e 2PNt ey J
N -
2) j lf ° —— T Th



1.3- Algebraic Expressions

POLYNOMIALS
A polynomial in the variuble x is an expression of the form
@ a b at agy
where My, @y, - Gy AT r:‘:;ﬁ numbers, and M%M& 1f a,? # 0,

then the polynoniial has degree i, The monomials ax® that make up the poly-
nomial are called the terms of the polynomial.

=

(‘/ 8 J’\i//‘ N
Ex: A degree 4 polynomial- ){ %ﬁf\éﬁ [ ) /l/(\ Q(i)“ e
) 12
NonEx: RV _ ’ A x 3
Ixad= X %{Z ) €= TR

Adding and Subtracting Polynomials

2
Like terms: Terms with the same variable raised to theigmggg_gﬁer 7 )é + E}(
When adding/subtracting two polynomials, you can only combine like terms

cin
/ s
b (7 + 26 5) % (60 £ 5 42410

SN gl 4K =]

!!

Multiplying Algebraic Expressions

To find the product of two algebraic expressions you must use the dlstrlbutwe property to multap!y each term

of the first exprgswgby each term of the second expressnon

e
ey «,f;ﬂ’

S ——

/f

\J

Ex: (4y—10f%y +8y:\2) - w(,@@i wf}?(‘jk\ Zé {\ 87

= ””“ZSJ &“?E’J t @/\j

Ex:

.
}
V\
C.a.
\_—/
f\J
w
??

J)

S~ 382
- ,j”'“;’j (X" ~{Xu .

—J 3x 2%’

= S’jzwzx‘z ~ |9 X



// ~ = Z
//} ,a\ // ‘Z 2“‘_ : — A -~ / —
B = JR T AB A<
Special Product Formulas e

5?%&%& PRODUCT Fﬂﬁﬁéﬁi%§

I Aand B are any real numbem or aﬁivt:brau( expressions, then
1. (A B)(A - B) = A?‘ ~ B Sunyand product of satne ferms

2. (A + BY = A% + 2AB + B* Sqnare of & sum

3., (A~ B =A —24B+ B Squareol o differonce
4, (A +BY =A+3A°B + 3AB* + B? Cuibe of & suin

5. (A 3)3 = A"~ 3A4°B + 3AR* —~ B Cube o g ditference

N D

(”} Mé’%) ) ( { ‘f“‘} ( ‘ P Mf > I

i 5 =Sx Ex: U A .
=S (50 () - - Qjé““/

i

= |6 —~4ox + 5
[{~(ox tTsx®

A ® _\2
Ex: (k2 +y)% ~ Ug(’l #{{( A X @ Ex: (}é‘f G’;M%B - CJS@ 4}45

= ( ) ( ) 1 4= /é/ ERFS

X )+ 3 (% X (3> 3 (. ) . .
6 4 j gvg - (/é) ' Z/éJ? %(/)‘?“)

X T 3 X 3 + X ?jz} j | B o

= 2S¢ 32z p Xi Ji= 2"
Factoring /O g) (/,Z>TE

The rest of the section is devoted to factoring polynomials. Factoring is the opposite of multiplying algebraic
expressions, That is, factoring an expression is re-writing the expression as a product of simpler ones.

e

Approaches to Factoring:

1) Look for a common factor , 61 Srous a//
, < S v Sle
2) “Trial and Error” (with 3 terms) R eqcl
3) Use a Special Factoring Formula (n f f‘»"’j oS ’(@ 7[,@ //g e

4) Grouping Terms (with 4 or more terms)




1) Looking for a common factor

If each term of a polynomial share a common factor you can divide each term by the common factor and put
the common factor out in front of the resulting expression

Ex: 4x2 + 2x — 8 Ex: 8x*y? + 6x3y3 — 2xy*

Commonfactor Z Common factor: &X}

Checks 2.0y e 7oy
Yy

2) Trial and Error - /)~€<é’,<£§ L e S
Trinomial- a polynomial of the form ax? + bx + ¢ where g, b and c are any real number

Trial and error is a method used to factor a trinomial

To factor such a polynomial you have to think of two numbers (call them rand s) such that r+s=b
and rs=c. Then, factor the e*pfne»sjion using the form (x + ) (x + 5)
le |Q | [ m e .
Ex:x?+x—6 a /”” Ex: x* — 2x — 35 i = ‘Z / S;S
= 3 Mobre G-~ (3 """"""
T = (X ? 55

if @ # 1 then we need to find numbers p, g, r and s such that Ppg=a, rs=c and ps +qr=p Then, factor the

fry PS5 s
Fatfos of 57 5 ) 3
—— "”ci{ Pi:<3/ Z}tz:
RGN ) L} | .
Pduct Sty = ) Ahee worn
Since pima/‘ﬁgchwwﬁyw

P Fy P=6,9- |

expression using the form (px +r)(gx + s)

Ex: 6x%+7x—5

\f\{)% f 7 [\%’% // /{’L\( { & dnt wo/lk (2 X’“/) (é’ ‘)(“f S)



3) Special Factoring Formulas

| SPECIAL FACTORING FORMULAS Ahese are hel(phd
% Formula Name %&é[\% C“C,»{"‘) Q%,i‘“

. LA B =(4-B)A+B) Difference of squares _

% 2, A%+ 2AB + B* = (A + B)? Perfect square A}Cﬂk alw ”‘j S

§ 3. A - 2AB + B = (A — B)’ Perfect square N Cressar

. 4 A - B = (A~ B)A +AB + B%)  Dillerence ol cubes /

s A B = (A B)(Az ~AB + B’ Sumof cubes

3 3 W?; use Y A=3
Ex:(4+y)°*+8 = (Wj) %2 Ex:27—x3 = 3 X R =X

A=ty g AT . N VA I
UsSe i 6‘/ = (3 X)( S RXALK )

= (rprz ) (o= (g 12°)
(é*;})ﬂw (reeyyre)

4

(360 ( 91 352

* S . z . 2
o XU UXE Y = X #2720 K+ 2
USe &2 w/ A:X/ 6:’:?

= (A18)%= (xee)”

4) Grouping Terms

s

If a polynomial has at least 4 terms, first grouping terms with a common factor can be an effective approach.

Then factorﬁ groupm an look fora ﬁnﬁmmon factor. ff”e How “’*‘*/j Need fo e~ -actarge e
3 eyple SSiom 5

4
Bxx’ b+t g

Jeogh oo

0 \, oy D X" (xt2) - é(:j;.@

o« ORI
N




1.4- Rational Expressions /= XK

Domain of an Algebraic Expression

e g e st LT

Rational Expression- a fractional expression where both the numerator as well as the denominator are

polynomials all Qa 13/\6,1,1(«(5 /(/@"'b
v gj; AN s = U@ J X - yﬂyw:‘aﬁ
- - :«:, e, e LAy —

Exs: 3 ¢-D (& oK -

Q% Domain of an Algebraic Expression- All real numbers that can be plugged into the given variable that will
result in a sound expression.

To find out what the domain of an expression is consider the real numbers that, when plugged into the L 2
expression, will result in an undefined value. F},\c{ff\ oy gnges EQOSS' =

% W K( L, E “"D (/\L(({) &‘1 tetmme
the o omarn
Possible problems: a) Dividing by 0 b) Taking the root of a negative number c¢) Bothaand b

E ad = X E vr
X: — X:
(x*=4)  (e2)(X-2) (r+9)(r-12)
4 é’q/ A (2 Frndeomiuwtor Mo Pai’éf f‘@é;‘f@/“hj

If X=1¢,-¢ Ne  expression

s c/aa‘c?f’)nc?é So e Can't R 5o From aomenh | - |
( 50 e don't faie oot p@ﬂ«am- (~e2 w/)

oFaneqaiwe >

le 707 ¢ dosmaln
DO&C&(‘/\ : [Cz‘ /‘2) U ( Zéc?)

(=s0,-2)0 (-2, 2 )0 ()
gx Y#Z Y Kﬁ""z’g fX Moo o Al 2»3 Pc, f\Q/"‘(G\(S hae /OWQ
\j(_;vm@\//\ ,g % {( (5)(1(

|

In order to simplify rational expressions you can factor the numerator and denominator and cancel using the following
St habhliih e

We write the domain in set-builder notation .- ? )( {

Ex: y% + 4y — 10

(acle

o] permlent’

o

DC7 Main

Simplifying Rational Expressions

property:

x%2-2x-3
Ex; =0
(x2+6x+5)

oD 4 )

3

Jocmain \ (o, §Y VSV

-~

Domsin ' § x| X2, e §



Multiplying Rational Expressions

When two rational expressions are being multiplied use the following property:

P—6 “4+P2

Ex:
“(PZ+2P-1) P

Dividing Rational Expressions

2.3 &

EE—

E’E T

(?ff?P?ﬁTf'

yp-24+P=6p°
wpg%zpa“mp

When dividing one rational expression by another use the following property combined with the above

property of multiplication

That is, use

@ 5 ig -

x-2  x3+1
Ex: 5 -
x“+4 x+6
(X-2) (x¢b )

() O3+ 1)
X “+bx—2zxd (2
WK

ISR s G
Y ryx %) xi‘f\((

Another?

L followed by

5
f‘;;E‘z,iﬁ'f:,v -
B’D :”BD 0
N
2T
z+10 |, 10+z
Ex: -
1—z2 z
gtlo &
R —
[~ 2 “ jot &
/€§Sﬂo,ﬂw ;

ch%}?/\s

A D
8 ¢

(2&55
—¢ )(Y\&f

/M\

[~2%

{uyt e,

-[\(H”I\O/L&{ E xprﬁﬁS/bAﬁ e |



Adding and Subtracting Rational Expression

¥ In order to add or subtract two rational expressions, like any fraction, they must have the same
denominator. ) )
» To write each term with the same denominator you must determine a common multiple of both

denomiators.

> The easiest way to find a common multiple is to factor each denominator and take the product of the
distinct factors. That is, multiply together each non-repeated factor of each denominator.

» Once you have determined the common multiple, multiply each rational expression appropriately by a
form of 1 to reach a common denominator.

» Once both expressions have a common denominator, add/subtract the numerators while keeping the

denominator the same

4 X Common  Otomnafol (%) (xe ‘?>
Ex: ;jg N ;‘:’; XZ %
. , o,
L} (W?) ¥ NS Yyt+Z3 -
- - X3k 7 Vo2 Yy
(3) Gery O (53) (x ) (k)
Co atmon dersutats [
- Yxtex — X'l»f»’%x @%2 { 7K T8
= (0 R
(x-3) (xt7) (x50 7 )
o+ (a/v\mw\ S Crome'afo ~
oty & . ( + ('ﬁé—z) ) (éfz)(é Z)[é"Z)
4 (-2 (D (2D = (&+2) )"
‘ (e t (2D
CH‘Z >(é"&) (C“a)) (t-2> ey (et
z
t—2 n tétret ‘ t 1&556,,2?
= ’ TN S s Y S e 2
) (”mf (tre ) (EE (L2 Y E-T)
e é | v Commos
Another? ““Z:‘ o 2 . i - )? — ;(:( MXF;:S ' Derom - Y()@{)
K1 X'Z;y
. 2 o _ “"’%Ab
e 3 x4 . exmosk ol =XTR

X oy - X X(e) W (x-1) . ‘XC‘K"‘)



Compound Fractions- A fraction where the numerator, the denominator or both are themselves fractional
expressions

2 methods: a) Combine the numerator and/or denominator and then invert the fraction

@&Si@r( = b) Multiply the numerator andfiidenominator by a common factor C(; O iﬁeaafwfm‘ﬁ?t}

Casted
| Mm«vé ATy
1
)

Method a: (~oMMon cé@%;w{«q{g [

ted '

i

(x+2)

1T
Z
J ‘2

Commo~ drominalor ® é



Rationalizing the Denominator or the Numerator

If the numerator or denominator of a fraction has the form / —l: B\/f
~BJC
-BVC

A
A

or denominator by multiplying the fraction by

e can rationalize the numerator

(called the conjugate radical)

8
If the numerator or denominator of a fraction has the formUﬁwe can rationalize the numerator
A+BT

or denominator by multiplying the fraction by

A+BVT

We are able to do this because of the special product formulas from section 1.3. Using these formulas

we do not have to do any of the algebra

[20( $ong ( (?i’{/"@ é}@\@m ‘rate O

TS &%

245 ﬁ
_ Jo-SUs
Y

[o-5)5

s

Ex:

o

i

Don’t make these common mistakes:

Cosrect multiplication property Common error with additiouyf

(g-b) = % 1?

(a,b=0)
Var b =a-b (a6 = 0)
L

a’b ab
O db N
N TR

S ,
atebt = (a-b) !

Ex:

?Q%MQQU?aﬂﬁkL‘A@%ﬁmx%rf

O E R4
X BRTEYARY

(Wc( >7M“ ('Z }%/)L

2v/3—4
X

F

e

PSS

Es

| Addchon Screcus

Q&@Vﬁwh j c;?@

T



1.5- Equations

[
Linear Equation- an equation of the form ax + b = 0 where a, beR ' i

P ANM.,,,)F.,MW—W""“Z R
Quadratic Equation- an equation of the form ax? + bx + ¢ = 0 whére a, b, ceR
in order to solve an equation you must isolate the variable on one side of the equal sign. That is, you have to “get the
variable by itself.” "

The general method for solving equations is to reverse the order of operations. When doing so, as long as you carry out
the same operation on both sides of the equal sign you will preserve the equality and get the correct answer.
g"‘f)c")’{;‘
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Key Facts: 1) Ifx = y then x = y? 2) If x = y*theny = +Vx
M
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Solving Linear Equations

To solve a linear equation you must get all variables on one side of the equal sign and all numbers on the other
side and then multiply/divide as needed to isolate the variable.

Try this one yourself: 2X+8=06-—4x
8 1+ Y
bxe¢s = 6
~3 ~%

X ‘/{f’.‘ 4
G

Solving Quadratic Equations (('(7/ @ZUQ’(“:‘G/\S w/ )(2 (" 1754}\,\5

Methods: 1) Take the square root

2) Complete the square S(?éx (‘,\ Eﬁaﬁa@g »f@ ]Q((QW

3) Quadratic Formula



1) Ifthe quadratic equation is simple enough you may just need to take the @aré rootwg)f both sidésf'
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Ex: (y+4)2=10
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COMPLETING THE SQUARE Zga{‘g /\\ﬁf‘() 1&@

Tomakelx® + by gx perfect square,

of . This gives the perfect square

add (i’) the square of half the coefficient
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Ex: y*+3y—-12=0
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3) Quadratic Formula- Can be used to solve[énﬁ uadratic equation

"

The roots of the quadratic equation ax? -+ bx + ¢ =

THE QUADRATIC FORMULA

0l where a # 0, are

~b = VP~ dac §
X ; %
2u §
- 2
& b f '
Ex: 2v2;6v+4=0 By +3y-12=0 > a=| b= ) C=~(2
= -Gt J(w«»i/z% §= - f{z g{?}}j;\
e ) ) 2C)
K= ( #yac52 S
S | ~3t U5
Ex k( T
Fan
T -8\ T R
X= ,;(";iii -7 o X= T ( \ j «“gw% j »SMWWN
| R R N S 1
Discriminant = 2 "’W/Z & { =< . ME
L
rol e L'“Yac | THE DISCRIMINANT

- szM oot
above {a

Qo ad €ga

e{,, The discriminant of the vcncml guadratic ax +tbhite=0 {a#0) is
( § V"‘d eJ” Ve’?@“‘ D=p? = dge.

1. If D = 0. then the equation has two distinet real solutions.

2, Jf!} = (), then the equation has exactly one real solution.

3. 11D <2 0, then the eguation has no real solution.
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Ex: 202 —6v+4=0
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Ex: y2+3y—12=0
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Solving for a variable in terms of other variables

You can use the same steps as above to solve an equation for a given variable

o
m‘“F r*

Ex: solve the following equation for the vanablem F G o .
S A3 Sclve  for (<,
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Solving an equation with a fractional expression }@ i (
[
» First multiply both equations by the léast common denominator. Doing so will eliminate all fractional

expression(s). (
2 Once you have eliminated the fractional expression(s) you can solve the equation using one of the methods

above
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Solving an equation with a radical expressnon \
(D First isolate the radical. %

@ Second eliminate the radical by raising both sides of the equatuon to the same power.
Tonportants Aot all a {rxg“&g/ﬂ) j@d o ba(lm(/i

(Z} / Finally, solve the equation as you would any other. | =
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Solving an equation with an absolute value
o ,,.w.»’wvf—”q R (} \{
Property: If |x] = a then X=gqorx=-—a — (
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1.7- Inequalities

RULES FOR INEQUALITIES

Rule ' : Description
TWARE = AL CERLC Adding the sume quantity to each side nf an maquﬁhty gives
, ancequivalent inequality.
ZA=E & A-C=B~C Subtracting fhe same quantity from each side of an mequaf-
e Ty iy gives an equivalent inequality.

é,) HC>0, then A :;B < CA( }CE Multiplying each side of an inequality by the same ;:us‘a‘:ve
T B quantity sives anequivalent inequality. ,

Multiplying each side of an inequality by the same m’saaw

quantity Feverses the direction of the inequality.

GoUHA=0 and B0, | - Taking reciprocals of each side of an inéquality involving

. ‘ - positive quantities reverses. the direction of the inequality.

ﬁ.} EC =0, then

then A = & R

6 HA=E ad C=D, 25 Inequalities can be added.
then A+ C=B+4D ‘

Make sure you know and understand #3 #4 and #5

N sas
Lgngarjdnequalltles
isolate variable. Just make sure every op,eratuon you do you carry it out on all parts of the inequality.
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1. Move All Terms to One Side.  If necessary, rewrite the inequality so that all
nonhzero tepms appear on ohe side of the inequality sign. I the nopzero side
of the inequality invalves quotients, bring them to a conimon denominator,

2. Factor. Factor the nonzero side of the inequality,

3, F;nd the Intervals. Deternmine the valuss fop which each factor is zeto.
- These numbers will divide the i‘ﬁ"ﬁ line mm intervals, Lisi the htervals ﬁm
are detgﬂmimé h} these numbers.

af the 7\6 B AR L é ¢ 7; A
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table. Besure to chch whether Ehe mequaht}f is S'zu‘zﬁed by some or all of tha
endpoints of the intervals. (Plis may happen if the inequality involves = or =
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Solving an Inequality Involving é\Quotlent )

Follow the exact same steps as above

The main difference is that you need to factor both the numerator as well as the denommator and consider all

factors Ofﬂ.ofb. Ntvr]wg‘r‘qujﬁto create your 4!9?9[\@ Is.

4 . . . . . . . L {% o f ({ﬂfj (U de
AP Note: Any interval end-point found in the denominator will NOT satisfy the inequality ;& -
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Absolute Value Inequalities

Inequality Equivalent form

PROPERTIES OF ABSOLUTE VALUE l@éﬁﬂé%ﬁiﬁi

Graph
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1.10- Lines

SLOPE OF ﬁ LINE

The slope m of a nonvertical line ﬁl‘ét passeﬁ thl cmgh the _pnmts fi(xl, &‘1} and
B, }‘g:} is ' - =

The slope of a vertical line is not defined,

3 Types of Equations of a Line

1)

Pﬁiiﬁ -SLOPE F{}R% 8? ’EiiE Eﬁﬂéﬂi}f‘% GF A LINE

¥oow = m(x = 151}
[

An a}uaﬂma of rhe lmz that p'zsse:s Thmug,h the pomt (x;s ;‘1} and has ﬁlo;:e niis

Ili
2)

SLOPE-INTERCEPT FORM OF THE EQUATION OF A LINE
An equ‘men of the line s‘haz h’ib eiope " 'md v-mmwe;;t bis

}*zn&\v* b

' i
3)

 GENERAL EQUATION OF A LINE
The ¢ J:[}h of e&*arp £mmr eqimtmn . e
CAx t By g 0 {A E nat bath zsm}
15 a ke, Lomfeme}@ avex}r }me 1% the gmph of *3 .hn@ar equauen o

§oﬁsa‘;7‘w; /t@(;(} 4z USe Slope
o Porn- fo Solve Fr j»- yateCapy

s (i 5/9%36
=

(e @C‘r’%’ 18 get
ARTS e s

Every non-vertical and non-horizontal line can be written in each of the previous forms

v/

See Y o P Age j; - /{/}\(@ Se < uyl N

NEY




¥A

Vertical and Horizontal Lines

m
w¥

‘ VERTICAL &E@ﬁ ﬁﬂ%izi}%{fﬁé i,!E‘EES

An equation of the wﬁmﬂ Eme tEars::ugEl ({1. b) 13‘5;@ '
An eqzrmcan ot the hm.tzonﬁl lme th;feugh (a. s‘}} ise ::}

Paraliel Lines

PARALLEL LINES ,, . -
Two nonvertical lines are parallel if and only if they have yihejv same slope.

P

Perpendicular Lines

PiEFEﬂ&!QHL&ﬁ Ei?%EE

- Two lines with slopes a, and m, are pelpemiwuiaf 1f and ﬂnhr it mlmz = wf.
that is, their ﬁg;ﬁs ate ns%gmvs rax:;tym{:ﬂs ‘ , ,

YA )
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ey ;
Alscg a houmﬂmi line (slﬁpe ﬂ‘; is peapandzwﬁ*ﬂ o a vertical lme (w} siopgé E I
J e, Q .
R . X =] e
) g e d e iso
e )
V= (5 15




Foint Sl S /opg dntercept
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1) Determine the equation of the line that has a slope of 5 and that passes throughﬁ(}ﬁ_ﬂi_)ﬁ Use any type
of equation you would like.
Point-shre Slope T ~tecapt- AN

T R ——

;jw3:a (-

> S5 Xtq +F=O

2) Determine the equation of the line passiné {hrough (2,-5)and (-4, 3) in all_ 3 forms and then graph the

line in the coordinate plane

%MW% N

(0 3 Y b

{L
v

— Y o 7 7 N
g= 3% T N
e \"@;\ ((ﬁS )
G:{:\e:;&f ) &

XY P50

3) Determine the equation of the line in point-slope form that passes through (4, 5) and has a slope of

4) Find the x-intercept and y-intercept of the—3x — 5y +30 =10

e ) ,q{{ﬁﬁ}f j rakercedt
T M TR R
let Y§=0 lev XK= 0 (;(/@)(,,g,o)

-7 xj%@fo 8 fag O =&
= 75] =

eeret
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5) Find the slope and y-inter?‘é" of 3x — 2y = 12 and use them to graph the equation
/ mg L i
)= ag X =G

)(, [ﬂ +
=T
y=o

AX =2

6) Determine

R

Yoot

K= ( /57)
w”?tjf:IZ. ,"i — /QZ

Vo

&H

the equation of the following line and write it in all 3 forms

Slope== (12 _ ’:"ﬂ
' 1

'5‘/0 P €~ e t"g;’}’/*“' @%ﬁ\

S SRS s,

Peit siepe 03¢ ot (30) o ke Blope-intoreps

N o =1 3+ ;
USe Point (B o) YRR :)T“ o x 12,

(S

4 e .
4= "5k) o

Cj? — (//3 X _ / %; o 2 P ,z /2. &
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M
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i
g

1 2
7) Determine the equation of the line that passes through (—2;, — '3') and is perpendicularto 4x — 8y =1

in slope intercept form \3
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2.1- Functions

Our world is full of objects, concepts and forces. It is obvious that the state of many of these things have an
effect on one another. That is, when one changes it affects the other.

Ex: Age and height- As a person’s age change SO does their he}Lght That is, your height depends on your age
L hec'a AHM IS o TEchen
Ex: Your grade in this class and the effort you put into the course- The more effort you put in the higher your

average will be

H %(\W ""‘“S IS & ﬁ/« {7 on ot AMAC ¢

.

However, simply saying one thing depends on something else does not give any specific information about how the two
are related. The best way to describe a relationship between two things is to use a function, which is something that

associates one quantity (called the input) with another quantity (called the gutput). ,, . e ¢
Ly et =l RN ¢S

| DEFINITION OF A FUNCTION

A function f is a rule that assigns to each element x in a set A exactly one
element, caﬁed flx).ina set B.

Fla=20et | Powiin de Je

Usually sets A and
B are sets of real

Xz Xt—= §=le)

o f{éﬁ }
output

numbers

input

We call set A (seen above) the domain- the set of all possible values of x that can be plugged into the function.
Also known as the independent variable e s ‘N Claapter~ :l

We call set Bther range- the set of all possible values of f(x) that result from plugging in values from the
domain. Also known as the dependent variable. In set-builder notation we can write the range as

A ! (
{f(x)lxe;}'f'—& 4 f\» {/CL(/LH:’S (2 QQA j@”f‘ L/*/é\é’\ (07454 /éj(u{i (1/\ ’(/P\QC}GM(((/(

Basic Example: determine the domain and range of f(x) = x* + 4 and express them in interval notation

DOM&(!/\"; No [eSteictrons f&/\ < Wl there epor b e
Vormein .

('c/ we. Con {Q(Oéj dny Vale t va(/x{’jqﬁ‘u\e f(;a) qu@Z
tato [le)— ety { @
0 - - P . ff\{&/d
Y / vt X (”{* (p - /LO/\e"gi’ﬁc«Q

LQ e AN A ‘ ‘AC"’\(W""’Z&@ ( afact, CQ/M/%S =Y
fouﬁe LY oc)




Evaluating Functions

To evaluate a function at value simply substitute the value into the variable

e

Ex: If {f(x) = 3x - 4x +1 1, evaljéte the following

a) f{3) b) f(-a)
£(30= 3(3) Ny e P(-a) =3Ca)” — y(-ad
% (m cx) ’”S A+ ( 0\ + U ]

= $-9= et

P(3>= (6 - WW 5(“&5"‘% - k{(('af”’&)ﬂ |

o T@HDI@ [ sianstgganyn ] — £ 3@ G
— K

[ 5(a3+ ‘Zc\c\ﬁ‘a: WY =Ha-Yhyy | —(3a% ya+1]
..... A

o

- ~/ ,,,,,,,, A
k

_ 6ahr3h (L _ K(ch’%k YY Ca+zhy

o w -

h K -

Piecewise Functions- a function whose output values are broken into different pieces, each of which
depends on the input value

S(/\C@ 5?7 /@C‘

12. If — 00 < x <100 g(27.9)= Z 2
Ex: g(x) = { ' /
, x? If x 700
: 5 L . T
oy o 9(100,000)= (" ( 2000 .

AC¥)=(2 : ) pince

I
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2.2- Graphs of Functions e

SOME FUNCTIONS AND THEIR GRAPHS

TAncar functions

i
Ty =zt b

i
i
i
b/
A
Lo x

Fixl=my + b

Power functions

fe) = 2"

o - iy
X \ 1/
g 2 N s Ssilnin - :
£t Flar=x* flxi=4 fixp =&t flx)=x*

Root functions : ¥ i ¥ 3

flxy = Vx & .

7 v .
- b
A wg:»—f} X ¥ MJ’ : X
Flap = x flry=x F =¥ f=3
‘Reciprocal functions ¥ ¥i
, 1 \\ R T
Ho == PR [
o s w1 e N
S X & 2.
b
\ o
flx) = . Horh =

Absolute value function
I = [x]

Greatest integer function
£ =1

fixy =l fix) =]

,/(/L\ e S {/'1 a {9 e o ﬁ g \C} ANE o A O ‘VH Fat Q’f} s A j g S[L O L
dbove . (hen graph “1 o funon e

C:« 17PN & . ﬂ\ff - @) Cj 5,6 ,Lf A e { (/\1’%[‘ A G R A [c:; O e t
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Graphing Functions by Plotting Points » iy F} o

Calcol gt

. . . T .
Any function, especially those that are more complicated, can be;aigketchedji)y making a table
- R ‘ " Ve e .. o F oy : » 4
"T O —(Yﬁ‘jd ~e__ o v wd o \[ /‘( LI (e h) CAroofe J e (QC\} “%(g Koo © s él DAL (A
ol e ﬁ/t Chres

Use a table to Graph f(x) = Vx + 4
K iz o =2 (=Y
Krdz ¢ =2 )

[pr,?mc}j’\ i {\5/ )("Ti“fi{‘ g

F(x) (oy)

O ({0
V7 | (i)
2 (o)
Jo (¢JE)
53w | (4,172

o
e SIS N i e

Use a table to Graph f(x) = o

X

kl){gw\ aen -

x )
—S1==-1 lcsi-1)
- % V3o I (AB -~ D
- -0 G
AN

N
e

[
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Graphing Piecewise Functions
To graph a piecewise function you must consider what the domain of each piece is.

function or create a table for each

To draw the graph you can, either use known information about th pe of al
2788 (2.2

piece of the function.

At the intersection points of the pieces, use an open circle or closed circle similar to drawing the graph of an

interval. (cjé’(pm S o re ,4@%,&61(77)
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Not all curves are functions. For every given value of x that we plug into a function it returns a single value,

Vertical Line Test

called f(x). If this fact is violated then the curve is not a function. The following test allows us to see if a curve
in the plane is a function or not.

f% THE VERTICAL LINE TEST %

| A curve in the coordinate plane is the graph of a function if and only il no verti- |

% cal line intersects the curve more (han once. %
Examples of functions: Each of the graphs seen thus far in this section e
T - Since. VO,

[Fe dategects

G~ vne A,

I

Graph of a function Not a graph of a function

Example: Use the vertical line test to determine which of the following curves are functions
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2.3- Getting information From the Graph of a Function

Looking at the graph of a function is one of the best and easiest ways to get information about the function
being depicted.

Domain and Range

Range- can be thought of as the “height” of a graph. That is, how far the graph extends in both the positive, as
well as negative, y-ditectio ' !

8

Domain- can be thought of as the “width” of a graph. That is, how far the graph extends in both the positive, as well as

0, @

Reminder: we can write both the domain as well as the range is both set-builder notation as well as interval notation

negative, x-direction

keeping in mind the usual rules of “openness” and “closedness”
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